Abstract α-synuclein (α-syn) is the intrinsically disordered protein which is considered to be one of the causes of Parkinson's disease. This protein forms amyloid fibrils when in a highly concentrated solution. The fibril formation of α-syn is induced not only by increases in α-syn concentration but also by macromolecular crowding. We focused on the relation between the intrinsic disorder of α-syn and macromolecular crowding, and constructed a simplified model of α-syn including crowding agents based on statistical mechanics. The main assumption was that α-syn can be expressed as coarse-grained particles with internal states coupled with effective volume; and disordered states were modeled by larger particles with larger internal entropy than other states. It was found that the crowding effect is taken into account as the effective internal entropy; and the crowding effect reduces the effective internal entropy of disordered states. From a Monte Carlo simulation, we provide scenarios of crowding-induced fibril formation. We also discuss the recent controversy over the existence of helically folded tetramers of α-syn, and suggest that macromolecular crowding is the key to resolving the controversy.
Introduction
α-synuclein (α-syn) is a 140-amino-acid protein [1] expressed in presynaptic terminals of the central nervous system [2, 3, 4, 5] . α-syn is known as an intrinsically disordered protein (IDP), which lacks secondary or tertiary structures [6, 7, 8] . Growing evidence suggests that α-syn has a causative role in Parkinson's disease (PD), which is the second most common neurodegenerative disease after Alzheimer's disease. Genetic mutations in α-syn (A30P, E46K and A53T) which have been identified in familial PD (FPD) directly link α-syn with PD [9, 10, 11, 12] . Duplication and triplication of the α-syn gene are also found in FPD [13, 14, 15] . The intracellular inclusions called Lewy bodies are the pathological hallmark of PD, and they are mainly composed of α-syn [16, 17] . Lewy bodies also link α-syn with PD. Furthermore, in vitro studies revealed that β-sheet-rich amyloid fibrils are formed in high-concentration α-syn solutions after hours or days of incubation [18, 19] , and that introduction of these fibrils into cultured cells with overexpression of α-syn leads to the formation of Lewy body-like inclusions [20] . Inhibition of α-syn fibril formation is one of the suggested therapeutic approaches for PD [21, 22, 23, 24] , and thus a good understanding of such fibril formation is needed.
1
Fibril formation of α-syn is a nucleation-dependent process [25] . Nucleation of α-syn protofibrils occurs above a certain α-syn concentration, which is called the critical concentration, and fibrils grow only after nucleation [18, 25, 19] . Kinetics of the fibril formation are affected by macromolecular crowding, and crowding agents induce and accelerate the fibril formation of α-syn [26, 27] . White et al. observed that fibril formation of IDPs including α-syn is accelerated and that of folded proteins is decelerated by macromolecular crowding, and they concluded that accelerated fibril formation is characteristic of IDPs [28] . Macromolecular crowding is an important factor in considering the fibril formation of α-syn.
In 2011, Bartels et al. reported the existence of helically folded tetramers of α-syn [22] . Although helically folded monomers of α-syn had already been identified as a lipid-bound form at that time [29, 30, 7, 31, 32, 33, 34] , this was the first report of a tetrameric state of helically folded monomers. These tetramers resist amyloid fibril formation, and they suggested that stabilization of helically folded tetramers is one of the possible strategies for designing an amyloid inhibitor. There are three other reports which support the result of Bartels et al. [35, 36, 24] . The existence of helically folded tetramers is, however, still controversial; Fauvet et al. [23] and Burré et al. [37] concluded that α-syn exists predominantly as a disordered monomer. Fauvet et al. suggested that stabilization of a disordered monomer of α-syn can be an alternative strategy to inhibit fibril formation. We summarize the equilibrium state of α-syn including the tetrameric states in Fig. 1 .
In this paper, we construct a highly simplified model of α-syn with crowding agents. Disordered states and fibril-forming β-sheet-rich states (β states) are assumed as internal states of α-syn. This model enables us to investigate the coupled effect of crowding and intrinsic disorder on fibril formation. We also investigate the thermal stability of helically folded tetramers by adding tetramer-forming α-helix-rich states (α states) to the internal states of α-syn. Figure 1 : Equilibrium of α-synuclein. Monomeric α-synuclein (α-syn) is in equilibrium between three states: a β-sheet-rich state (β state), a disordered state and an α-helix-rich state (α state). α-syn aggregates into a β-sheet-rich amyloid fibril above a critical concentration. The existence of helically folded tetramer is still controversial.
Models
We constructed a model of α-syn using a twodimensional lattice gas model. α-syns and crowding agents are modeled as particles on a lattice. The definitions of these molecules are shown in Fig. 2a . α-syn has three types of internal states: two β states (β H and β V ), two disordered states (d H and d V ) and four α states (α N E , α SE , α SW and α N W ). The variations of each type of the states correspond to orientations of α-syn.
We assumed that the disordered states are larger than the other states based on the fact that disordered α-syn has a larger gyration radius than folded proteins with the same number of residues [6, 38, 39] . The disordered states occupy two sites and all the other states and crowding agents occupy a single site (Fig. 2a) . We also assumed that the disordered states have internal entropy s based on the fact that α-syns exhibit significant entropy loss when they bind to a lipid bilayer surface and fold into an α-helical structure [40, 41] . We simply introduced the difference of entropy between disordered states and folded states by s. We defined two types of interactions between two β H and two β V based on the model of amyloid fibril formation given by Zhang and Muthukumar [42] . The definitions of these interactions are shown in Fig. 2b . Two horizontally-aligned β H and two vertically-aligned β V have β interactions. A linear chain of α-syns aligned by the β interactions defines the longitudinal direction of a fiber. Two β H and two β V have β ′ interactions in the direction perpendicular to the longitudinal one. The interaction constants of the β and β ′ interactions are given by ε β and ε
, respectively. We defined four α interactions between four pairs of α states, as shown in Fig. 2b . Dimers, trimers and tetramers of α states are formed by the α interactions. There are no conformations which include oligomers of α states larger than tetramers connected by the α interactions. The interaction constant of the α interactions is ε α (ε α < 0). Crowding agents do not have intermolecular interaction except excluded volume interaction.
We defined two models by including or excluding the internal states of α-syn: BD and BDA. The letters B, D and A correspond to β states, disordered states and α states, respectively. The BD model, for example, includes β states and disordered states. We also defined B o D and B o DA, which correspond to the BD and BDA models without β ′ interaction, as controls.
We considered a canonical ensemble of the four models presented above combined with a grand canonical ensemble of crowding agents. We defined a system by an L × L square lattice with N α-syns surrounded by walls in contact with a crowding agent reservoir at temperature T and chemical potential µ. µ controls the number of crowding agents, and the µ = −∞ system corresponds to the system without crowding agents. We defined a state of the system by a configuration of N α-syns with a determined internal state and m crowding agents on the lattice. We show a snapshot of a small system (L = 8, N = 16) of the BDA model in Fig. 2c , which includes all the internal states and all of the β and α interactions, as an example. A short fiber and a helically folded tetramer are also shown in the snapshot. The numbers of the internal states of α-syn n β , n d and n α are counted as n β = 10, n d = 2 and n α = 4 in the snapshot. The number of crowding agents is m = 23. The total energy E is calculated as E = 6ε β + 4ε
The grand partition function of the N α-syn system is given by
where
is the number of states of the system with physical quantities O i (i = 1, 2, 3, · · · ). We took the Boltzmann constant k B = 1.
3 Metropolis method for the lattice gas model of α-synuclein including crowding agents
We used the Metropolis method to produce an equilibrium. In the lattice model of α-syn, a state of the system is given by conformations of N α-syns and m crowding agents on the L × L lattice. The transition probability from state i to state j is given by
We defined the following four Monte Carlo moves for α-syns which are performed with the transition probability in Eq. 2.
(i) Local displacement of a single α-syn: (a) If a selected α-syn is in a β or α state, move it in a randomly selected direction (north, south, east or west) by one site. This move will be rejected if the destination site is covered with another α-syn. (b) If a selected α-syn is in a disordered state, move it to a randomly selected direction by one site. This move will be rejected if one or both of the two destination sites are covered with other α-syns.
(ii) Local displacement of a group of α-syns: (a) In the case that the selected α-syn is a part of a β-state linear chain connected by β interactions, move the whole linear chain to a randomly selected direction by one site if the destination sites are empty. This move will be rejected if the number of β interactions increases. (b) In the case that the selected α-syn is a part of an α-state oligomer (dimer, trimer or tetramer) connected by α interactions, move the oligomer to a randomly selected direction by one site if the destination sites are empty. This move will be rejected if the number of α interactions increases. (c) In the case that a selected α-syn is not connected with other α-syns by β or α interaction, perform the move shown in (i), above. This move will be rejected if the number of β or α interactions increases.
(iii) Nonlocal displacement of a single α-syn: (a) If a selected α-syn is in a β or α state, move it to a randomly selected site of the system. This move will be rejected if the destination site is covered with other α-syns. (b) If a selected α-syn is in a disordered state, move it to two randomly selected adjacent sites of the system. This move will be rejected if one or both of the two destination sites are covered with other α-syns.
(iv) Internal state switching: Switch the internal state of a selected α-syn to another randomly selected state. This move will be rejected if a disordered state is selected as the next state and if it overlaps with another α-syn.
We randomly select an α-syn from the system, and randomly perform one of (i-iv) with prescribed probabilities. In all cases of (i), (ii) and (iii), the move will be rejected if the selected α-syns go outside the system. 4 
Results

The effect of macromolecular
crowding is taken into account as the effective internal entropy of disordered states
In the N α-syn system, there are L 2 − N − n d empty sites, and we can count configurations of m single-site crowding agents by the combination
we can rewrite the grand partition function in Eq. 1 as
is the number of states of the system with m = 0 and physical quantities O i (i = 1, 2, 3, · · · ), and we defined the effective entropy σ and the canonical partition Z as
A thermal average of a physical quantity O is calculated as
(6) In the case of O = m, Eq. 6 is written as
using the Fermi distribution function
This means that the original ensemble with a singlesite crowding agent reservoir is written as a canonical ensemble of an N α-syn system of which disordered states have the effective internal entropy σ. Thus, the effect of macromolecular crowding is absorbed in σ of disordered states.
In the limit of µ → ∞, that is, σ → −∞ from Eq. 4, Eq. 8 is rewritten as
and the models with disordered states reduce to those without disordered states.
Note that the same analysis is also valid for threedimensional lattice models as long as we consider single-site crowding agents.
Protofibril
formation above the critical concentration of α-synuclein
We calculated thermal averages through a Monte Carlo simulation using the Metropolis method based on Eq. 5 and 8. We did not consider crowding agents explicitly in the simulation; instead we introduced σ calculated from Eq. 4 with a given µ. Details of the method are given in the Methods section. We use the following values throughout this paper: L = 128, T = 1, ε β = −8, ε ′ β = −0.5, ε α = ε β /1.2 ≃ −6.67 and s = 5. We use N and µ as parameters.
In the simulations for the BD and BDA models, α-syns form a two-dimensional β-state cluster, which involves both β and β ′ interactions, above a certain N . We refer to the β-state cluster as a protofibril, and we write the critical value of N as N c . For N ≃ N c , we observe formation and dissolution of a protofibril repeatedly in equilibrium. For N > N c , even if there are multiple protofibrils in the early stage of the simulation, they merge into a single thermally stable protofibril. A protofibril is shown in Fig. 8, which Fig. 3a . The pairs of the curves of these models coincide for the N = 512 and 609 systems; they separate in the N = 724 and 861 systems, and the curves for the BD model have two peaks. The snapshots for the N = 724 and 861 systems of the BD model show that β chains with ℓ β corresponding to the right peaks form a protofibril. We observed formation and dissolution of a protofibril in the BD model with N = 724, and thus N c of the BD model is around 724. is the number of the β states not connected to other β states by β ′ interactions. We counted the number of horizontally aligned β V and vertically aligned β H as n curve for the BD model has a maximum around N c , and decreases to the constant value which does not depend on µ for large N . Each N -n d curve for the BD model has a maximum around N c , and decreases to a constant value. We found that N c decreases as µ increases by comparing the separation points for different µ. This means that macromolecular crowding reduces the critical concentration of α-syn.
Macromolecular crowding induces protofibril formation
µ dependences of the n β distributions for the BD model with N = 362 are shown in Fig. 3b . As µ increases, the right peak begins to grow at µ = 1.5, and gets larger at µ = 2. We observed formation and dissolution of a protofibril in these systems, and thus the critical value of the chemical potential µ c is around 1.5 for this N . This result suggests that macromolecular crowding induces protofibril formation, and this agrees with the experiments [26, 27] . curve for the BD model has a maximum around µ c , and decreases to the constant value which does not depend on N for large µ. The µ-n d curves for both models monotonically decrease along with µ. Thus, macromolecular crowding reduces disordered states. Since n β fulfills n β = N − n d , the µ-n β curves for both models monotonically increase along with µ. Thus, macromolecular crowding promotes β states. We found that µ c decreases as N increases by comparing the separation points for different values of N .
α-state
tetramers suppress protofibril formation N dependence of the ℓ β -n β curves for the BD and BDA models with µ = 0 is shown in Fig. 3c . Although N c for the BD model is about 724, the corresponding curve of the BDA model has only a single peak, and thus N c is higher than that of the BD model. This means that introduction of α states raises N c . Snapshots for the BD and BDA models of N = 1024 are shown in Fig. 8 and 9 , respectively. A protofibril coexists with short β chains in both snapshots, and oligomers of α states are found in Fig. 9 .
N and µ dependences of n β , n α is n α , and thus n
The sum of n β , n α and n d is N in the BDA and B o DA models, and thus n β + n α + n d = N . We found that both N c and µ c decrease as µ increases by comparing the separation points. These behaviors are similar to those observed in the BD model. We also found that N c and µ c for the BDA model are larger than those for the BD model by comparing the separation points. This means that introduction of α states raises both the critical concentration of α-syn and the critical chemical potential 7 of crowding agents.
The overall shapes of the N -n β , N -n
and N -n d curves in Fig. 5 are similar to those in Fig. 4 . The N -n α , N -n
and N -n (t) α curves for the BDA and B o DA models are all similar to the N -n (f ) β curves. Each curve has a maximum around N c , and decreases to the constant value which does not depend on µ. The majority of α states form tetramers around N c , and thus we can say that α-state tetramers suppress fibril formation. This is consistent with the report of Bartels et al. [22] 5 Discussion
Scenario of protofibril formation induced by macromolecular crowding
The curves for the BD and BDA models in Fig. 4 and 5 are summarized in Fig. 6 as stacked graphs. N dependences are shown in the left, and µ dependences are shown in the right. The numbers of internal states fulfill
regions start to increase around N c in the left graphs and µ c in the right graphs, respectively. The existence of these critical values qualitatively agrees with the experiments of α-syn [18, 19, 26, 27] .
relations for all four models are plotted in Fig. 7a , and n β -n α , n β -
and n β -n (t) α relations for the BDA and B o DA models are plotted in Fig. 7b . These figures show that these relations do not depend on µ. Thus, the ratio of n β to n α also does not depend on µ. We write the critical value of n β as n β c . Since n d for the BD model with µ = ∞ is zero for any N , and n β is equal to N from the identity n β + n d = N , the graphs for the BD model with µ = ∞ in Fig. 7a are exactly the same as those in Fig. 4 . Thus, n β c of the BD and BDA models are Left column: N dependences of n β , 
and n d are colored red, pink, light blue, blue and yellow, respectively. equal to N c for the BD model with µ = ∞ irrespective of µ.
We propose the following scenario for protofibril formation induced by macromolecular crowding based on the stacked graphs for µ dependence of internal states presented on the right of Fig. 6 . (i) Since the stability of disordered states is determined by σ, which is given by Eq. 4, the n d regions decrease along with µ as a result of decreasing σ. In other words, macromolecular crowding destabilizes the disordered states by reducing the effective internal entropy. (ii) As we explained above, the n β region increases as a result of the decrease in n d from n β = N − n d in the BD model. In the case of the BDA model, the ratio of n β and n α does not depend on µ, and thus we can write n β ≃ k n α , (k > 0) irrespective of µ. Then, we can rewrite the identity n β + n α + n d = N as n β ≃ 1 1+k {N − n d }. This also shows the increase in the n β region as a result of the decrease in n d . (iii) If increased n β is larger than n β c , the n (f ) β regions start to increase, and α-syns form a protofibril. At this point, µ ≃ µ c . The factor 1 1+k (< 1) indicates that n β of the BDA model is smaller than that of the BD model, and it explains why the µ c of the BDA model is larger than that of the BD model. α / n d curve for the BDA model has a maximum around N c , and decreases to a constant value. This means that relative stability of helically folded tetramers depends on the concentration of α-syn. The µ-n (t) α / n d curves for the BDA model monotonically increase along with µ. Thus, macromolecular crowding increases the relative number of helically folded tetramers to that of disordered monomers. The macromolecular crowding effect may provide a good explanation for the controversy over the existence of helically folded tetramers. The present result that the density of such tetramers depends on crowdedness suggests that whether or not the tetramers are observed in experiments is determined by the crowdedness of the environment.
Solid-liquid equilibrium analogy
The left graphs in Fig. 6 show that n (f ) β monotonically increases above N c , while n
and n (t) α each decrease to constant values. In other words, the protofibril absorbs increased α-syns above N c while the other non-protofibril components converge to a constant concentration. From this result, we can draw an analogy of protofibril-nonprotofibril equilibrium with a solid-liquid equilibrium; the protofibril can be seen as solid, and the nonprotofibril components can be seen as liquid. The words "solid" and "liquid" are written in the stacked graphs.
A coarse-grained model with internal states: funnel gas model
The definition of disordered states and the derivation of Eq. 4 and 5 are applicable to other IDPs as long as the volume of folded states is greater than or equal to that of crowding agents. Eq. 4 and 5 will be a first approximation to discuss the relation between macromolecular crowding and the stability of disordered states also for larger crowding agents. Eq. 4 provides a simple theoretical expression for the interplay of intrinsic disorder and macromolecular crowding which was suggested by White et al. [28] .
The main assumption of our model is that proteins can be expressed as coarse-grained particles with some internal states coupled with the effective volume of each state. This simplification enables us to derive the expression of effective internal entropy shown above. Here, we generalize this idea. Proteins have a funnel-like energy landscape [43, 44, 45] . IDPs with a folded state in their bound complex with other proteins including α-syn also have a funnel-like energy landscape [46, 47] . In this study, we assumed that α-syn has a triple-well free-energy landscape, and we constructed the coarse-grained particle with the three internal states based on the free-energy landscape of α-syn. In the same way, we can also construct coarsegrained particles with internal states based on the free-energy landscape of specific proteins. Then, we can produce equilibrium states of multiple molecular systems including the crowding effect. This is the spirit of the new coarse-grained model, and we call this model the "funnel gas model".
A Method of adding crowding agents to the snapshots produced by the simulation without explicit crowding agents
We explain the method of adding crowding agents based on µ to the snapshots produced by the method shown above. Here, we also use the Metropolis method to produce grand canonical ensemble of crowding agents. The transition probability from state i to state j is given by
We randomly select a site from the system and perform the move shown below.
• Insertion or removal of a crowding agent: (a) In the case that a selected site is empty, insert a new crowding agent into that site. (b) In the case that a selected site is covered by a crowding agent, remove it from the system. (c) In the case that a selected site is covered by an α-syn, this move will be rejected.
When we created the snapshots shown in Fig. 8 and 9, we first created the snapshots by the simulation without explicit crowding agents, and then we added crowding agents to the snapshots by using the method presented here. 
